Current effective medium theories for nano-shells are reviewed. A new method for calculating the effective dielectric function of a core-shell nanoparticle is presented and compared with existing theories showing clear advantages in most conditions. It consists of introducing radiating effects in the polarizability of the effective sphere, and considering the exact polarizability of the core-shell constructed from the Mie scattering coefficient. This new approach can be considered as an useful tool for designing coated particles with desired plasmonic properties and engineering the effective permittivity of composites with core-shell type inclusions which are used in photocatalysis and solar energy harvesting applications.
Introduction
Plasmonics is an active branch of Nanophotonics which studies the distribution of the electromagnetic field, and its local charge resonances (Localized Surface Plasmon Resonances, LSPRs) in subwavelength metallic nanostructures when electromagnetically irradiated [1] . New advances in plasmonics require far more complex geometries made by combining different materials and shapes. One of the most widely used of these geometries is the core-shell spherical nanoparticle (NP), which proved to be a useful structure in a variety of fields, i.e. catalysis, biology, materials chemistry and sensors [2] .
There is a great interest in extending nanoplasmonics to the UV-range due its current and potential applications in, for instance, catalysis, biology and semiconductor technology [3, 4, 5, 6] . Sanz et al. [7] studied several metals in order to find those whose properties made them more promising for UV-plasmonics. Two of the most compelling metals for this purpose are aluminum (Al) [8, 9] and magnesium (Mg) [10] . Interestingly, NPs made of these two metals suffer from the formation of a native oxide layer whose thickness depends on both the metal and the environmental exposure conditions [11, 10] . Very recently it was shown that oxidation control may be even used for tuning the resonance of NPs [10] . Although, theoretically, these oxidized NPs can be modeled as metal-oxide core-shell NPs [12] , some authors have proposed to treat this type of nanostructures with effective medium theories [13, 14] . For example, Knight et al. [9] used the Bruggeman effective medium theory to describe the behavour of Al/Al 2 O 3 nanodisks, and Kuzma et al. [15] employed the Maxwell-Garnet theory to model oxidized silver NPs.
As an alternative, the coating of Al and Mg NPs with a layer of Gallium has been proposed [16, 17] , as a way to prevent the oxidation process. Gallium, a metal with plasmonic resonances in the UV of his own, forms a self-terminating layer of oxide of a few nanometers that prevents further oxidation [18, 19] . This metal-metal nanostructures can be considered alloys [19] , and be modelled with effective medium theories [20] .
Effective medium theories constitute an approach for simulating the electromagnetic behavior of systems with embedded NPs in a matrix by obtaining an effective dielectric function of the ensemble. Usually these kind of approaches, like the one proposed by Maxwell-Garnett, require the dielectric function of both the inclusions and the matrix. However, if core-shell NPs are considered as inclusions, an effective dielectric functions of this type of particles is necessary to obtain the total effective dielectric function of the system. This procedure can be useful to predict the reflectance, transmittance and absorptance spectra of core-shell colloids and nanocomposites which are widely used in photocatalysis [21] or solar energy harvesting [22, 23] .
In this work we have performed a detailed study of the current effective medium theories for spherical nano-shells (section 2). A new procedure for obtaining the effective dielectric function of core-shell spherical nanoparticles is presented in section 3. In section 4, the extinction efficiencies obtained from the effective dielectric functions are compared with the exact solution given by Mie theory in order to determine which one better describes the electromagnetic behaviour of a nano-shell. These comparisons will be done over some particular core-shell metal-oxide nano-shells, namely, Mg/MgO and Al/Al 2 O 3 (subsection 4.4.1), and metal-metal NPs, Mg/Ga and Al/Ga (subsection 4.4.2). Finally, in section 5 the main conclusions are presented.
Effective Medium Theories
Although the electromagnetic response of spherical core-shell NPs has analytical solution given by Mie Theory [24] , the effective medium theories (EMTs) give an alternative for dealing with this type of NPs. These EMTs allow us to obtain the dielectric function of an equivalent sphere with the same size and electromagnetic behaviour as a given nano-shell (Fig. 1) .
Here we review some of the existing EMTs applied to spherical core-shell NPs. 
Weighted Average (WA)
One of the simplest approaches to get the effective dielectric function ( ef f ) of a core-shell nanoparticle is given by the weighted average of the dielectric functions [15] of both the core ( c ) and the shell ( s ),
where
s is the fraction of volume that occupies the core. When f = 1 (core-material particle) ef f = c . However, when f = 0 (shell-material particle) ef f = s .
Bruggeman
Bruggeman's effective medium theory [25, 24] is proposed for non-homegenous media in which two materials are present, the main one -the matrix-hosting the secondary one -the inclusion. Both materials, however, are given the same importance, i.e., it is invariant to an interchange between the host matrix and the inclusions. In this approximation, the effective dielectric function ef f is given by
where s and c are the dielectric functions of the host (in our case the shell) and the inclusions (the core) respectively, and f is the filling factor of the inclusions. If in (2), we now consider the filling fraction of the host (f ) instead of the one of the inclusion (f = (1 − f )), we obtain an equivalent expression. This means that which component is labelled as inclusion or host does not matter, both are interchangeable.
This method was used by Knight et al. [9] to model the behaviour of oxidized Al nanodisks.
Maxwell-Garnet (MG)
The Maxwell-Garnet theory [24, 26] considers the case of inclusions randomly spread in a continuous matrix. This theory is based on the Clausius-Mossotti relation, which relates the polarizability (α) with the dielectric function ( ). The effective dielectric function of a suspension of small spheres in a host material is given by
where h and I are the dielectric functions of host and inclusions materials, and f is the volume fraction of the embedded particles. Because a core-shell nanoparticle can be considered as formed by an inclusion (core with dielectric function c ) in a host medium (shell with dielectric function s ) where I = c and h = s , its effective dielectric function can be expressed as
Again, f is the filling factor that in the case of a spherical nano-shell is given by
Notice that when f = 1 (core-material particle) ef f = c . On the contrary, when f = 0 (shell-material particle) ef f = s .
Internal Homogenization (IH)
A more complex approach was introduced by Chettiar and Enghetta [13] through the concept of internal homogenization. Through this process the polarizability of the equivalent sphere is equated to that of a core-shell in the electrostatic approximation [24] . According to this, the effective dielectric function for a core-shell NP in vacuum is given by
where f is the previously defined filling factor. By rearranging (5), the effective dielectric function can be expressed as the one given by a MG EMT ((4)) assuming a core embedded in a shell material medium with a filling factor of f . This equation, that is independent of the particle size, is only valid in the regime in which the size of the particle is much smaller than the incident wavelength (electrostatic approximation).
Mie theory based Maxwell Garnet (MMG)
A size dependent extension of the MG model ( (3)) was proposed by Doyle [27, 28] for a suspension of metallic spheres. In this case, the polarizability of the core embedded in shell material is given in terms of the Mie coefficient a 1 [24] rather than the Clausius-Mossoti relation,
The main problem of this approach is that, although it considers the size effects on the polarizability of the core-shell nanoparticle, no size effect is taken into account in the equivalent sphere polarizability. In addition, by considering the polarizability of the core embedded in shell material, the validity of this model is restricted to the limit R c << R s .
New Approach
All the previous EMTs are either limited by the size of the particles (electrostatic approximation) or by the condition R c << R s . In this work, we present a new model aimed to overcome these limitations. On the one hand, we will consider the exact polarizability of the core-shell nanoparticle (α cs ) in terms of its Mie dipolar electric coefficient a cs 1 [29] , α cs = 3i 2x 3 a cs 1
By doing this, size effects are being considered and the R c << R s condition is removed. On the other hand, size effects in the effective dielectric function of the equivalent sphere can be taken into account by introducing dynamic depolarization factors [30] .
where x is the size paramenter given by x = 2πR/λ being R the size of the particle R = R s . So by considering the exact polarizability of the core-shell ( (7)) and the depolarization factor in the polarizability of the equivalent sphere ( (8)), we can express the effective dielectric function of an spherical nano-shell as
This approach is more of an internal homogenization process [13] than a Maxwell-Garnet effective medium theory [27] . For this reason, from now on we will refer to this theory as the Extended Internal Homogenization (Ext. IH).
Results
For evaluating the validity of each model we will compare their results with the exact solution given by Mie theory for the core-shell case. We will consider both dielectric/metal and metal/metal core-shell NPs. When considering dielectric/metal nanoparticles we will analyze oxide/metal nano-shells, namely Mg/MgO and Al/Al 2 O 3 . For the case of metal/metal core-shells we will study Mg/Ga and Al/Ga NPs. The real and imaginary parts of the dielectric function ( = r + i i ) of these materials [31, 32] can be seen in 
Dielectric/Metal Core-Shell NP
The extinction efficiency (Q ext ) of Mg/MgO and Al/Al 2 O 3 nano-shells of external radius R s = 15 nm and R s = 20 nm is shown in Figs. 3 and 4 as a function of the core size R c . Mie theory (Exact) is compared with effective medium theories: the weigthed avarage (WA, (1)), the Bruggeman theory ((2)), the MaxwellGarnet model (MG, (4)), the Mie theory based extension introduced by Doyle (MMG, (6)), and finally, the extension of the internal homogenization model that we propose in this work (Ext IH, (9)).
The studied range of R c goes from values of the oxide-shell width (R s − R c ) of 2 nm to approximately half the value of R s . Al forms an oxide layer that stops growing after a few nanometers preventing from further oxidation [11] . However, the Mg oxidation process is more aggressive: the oxygen diffuses through the porous oxide leading to the complete destruction of the plasmonic response unless this procedure is performed under controlled conditions [10] . In all cases, oxide layers of a few nanometres are form. Taking into account the high influence of the ambient condition, the chosen values R c are realistic to describe the oxidized nanoparticles made of these two metals. It is possible to see in Figs. 3 and 4 how the Maxwell-Garnett theory (MG) and the proposed method (Ext. IH) give very similar results, which are the ones that better reproduces the exact calculations performed through Mie theory. On the contrary, the Bruggeman effective medium theory is the one that worst describes the plasmonic response of the nano-shells. The reason is that in this type of geometry we cannot assume that shell and core are interchangeable.
It also can be seen how the effective dielectric constant obtained through a weighted average (WA) does not reproduce the electromagnetic behaviour of the core-shell nanoparticles accurately, specially for the smallest values of R c . Due to the construction of the expression (see (1)), for the largest values of the core radius (Rc ≈ Rs), the response of the effective sphere is more similar to the one of the core-shell because e ≈ c .
In the case of the Mie theory based Maxwell-Garnet (MMG), although it presents a good agreement at small values of R c , it fails to reproduce the values of Q ext . All these problems arise from the basis of this model, which considers the core embedded in shell material. When the metallic core is small, the evanescent field remains attached to it and dissipates within the dielectric shell, so we can consider the core to be embedded in shell material. However, as the shell thickness decreases the part of the evanescent field reaches beyond the surface of the outer shell [12] . It is in this regime where MMG fails because the core cannot be considered to be hosted in shell material. Figure 5 shows the spectral shift of the Q ext resonance peak and its value predicted by MG and Ext. IH theories for core-shell Mg/MgO and Al/Al 2 O 3 NPs with respect to the exact solution given by Mie theory for different core sizes R c . Once again the particle sizes have been chosen to be R s = 15 and R s = 20 nm. For the smaller nano-shell size, it can be seen how the Ext. IH model reproduces better the behaviour of the core-shell NPs than the MG model, specially for the smallest core radii. For the biggest values of R c , the MG model gives a better prediction because in the limit in which R c = R s the effective permittivity tends to the dielectric function of the core. This difference can be better seen in the case of the R s = 20 nm nano-shell. The reason of this difference is that the polarizability of the core-shell in this method is only related with the electric dipolar term a 1 . For metals with plasmonic behaviour in the UV range, a size of 20 nm (size parameter x ≈ 0.5) involves higher multipolar terms so the results are deviated from the exact solution. It can be seen that when R c > 17 nm, the MG model becomes closer to the exact solution because in the limit where R c ≈ R s the effective dielectric function takes the value of ef f ≈ c . However, for R c < 17 nm the Ext. IH model gives a better prediction.
The range of applicability of the proposed model is restricted to nanoshells with only dipolar response. Those behaviours caused by higher multipolar order will not be predicted by this new approach. Because this approach has been optimized to model metal-oxide core-shell nanoparticles, it is useful to model core-shell NP with a metallic core and dielectric shell with a dielectric function s ranging from 1 to 4. Although for the thinner shells (thickness < 2 − 3 nm) the proposed effective medium theory gives a worse prediction than the Maxwell-Garnet theory, for thicker shells our approach reproduces better the exact solution.
Metal/Metal Core-Shell NP
Because the MG and the Ext. IH approaches were shown to better reproduce the behaviour of oxidemetal core-shells, here we analyze the validity of these two models when metal-metal core-shells are being considered. Figure 6 shows the values of the Q ext resonance peak predicted by MG and Ext. IH. approaches for Mg/Ga and Al/Ga core-shell NP as the core size (R c ) increases. The spectral shift with respect to the exact solution given by Mie theory is also plotted. As in the previous case the particle sizes have been chosen to be R s = 15 and R s = 20 nm. It can be seen how for the metal-metal core-shell nanoparticles the MG theory better reproduces the Q ext spectral behaviour of this kind of NPs more accurately than the Ext. IH approach. The Mg/Ga particle is the one that presents the bigger deviation from the exact behaviour. This can be understood attending to the MG formula construction and the Ga and Mg dielectric constants. The optical constant of Mg are quite different from those of Ga (see Fig. 2 ). The MG theory formula builds values of the optical constants of these type of NPs bounded between the dielectric function of the core and the shell. The similar the dielectric constants of the core and the shell, the smoother is the transition between the two regimes. For example, when we consider a dielectric-metallic core-shell, where the dielectric constants have very different behaviours, the prediction of the plasmonic behaviour is only good in the regions dominated by the shell (R c ≈ 0 or f ≈ 0) or the core (R c ≈ R s or f ≈ 1) (see 4.1). In the case of Al/Ga core-shell, which has very similar dielectric constant, the predicted and the exact solution almost match.
The Ext. IH gives a poor approximation of the exact behavior of the metal-metal core-shell NP. When analyzing dielectric-metal core-shell, we observed that as the metallic core increases the predicted plasmonic response was deviated from the exact one. This was due to the appearance of higher multipolar orders. However, in the case of metal-metal core-shell NPs, the metallic particle keeps its size constant, so there is a continuous appearance of the quadrupolar mode. For the R s = 15 nm particle the deviation from the exact solution is smaller because the smaller the NP, the purer its dipolar response. Considering this fact, the metal-metal core-shell NPs of these sizes are out of the range of applicability of this approach.
Conclusions
In this work we have reviewed the current methods used to calculate the effective dielectric function of coreshell spherical NPs. A new approach to calculate this magnitude has been presented and compared with the existing models. Basically, it works by introducing introducing radiating effects in the polarizability of the effective sphere, and considering the exact polarizability of the core-shell constructed from the Mie scattering coefficient. This new method is valid outside the electrostatic approximation, one of the limitations of the current EMTs for this type of nanoparticles. This new approach has shown a better performance than the current EMTs for dielectric-metallic core-shell NPs. We believe that this method can be helpful for predicting the reflectance, transmittance, absorptance spectra, and engineer the effective permittivity of composites and colloids with core-shell type inclusions used in photocatalysis or solar energy harvesting.
